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Abstract. Let {W, n) be a Riemann domain over a complex manifold M and 
too be a point in W. Let D be the unit disk in C and T = dO. Consider the space 
Si^wq(Oi,W, M) of continuous mappings / of T into W such that /{!) = wq 
and n o / extends to a holomorphic on E) mapping /. Mappings /o,/i G 
<Si,mQ (B, W, M) are called h-homotopic if there is a continuous mapping ft of 
[0, 1] into <Si,Mjo {15') W, M). Clearly, the /i-homotopy is an equivalence relation 
and the equivalence class of / g iSi,tm, (D, VF, M) denoted by [/] and 

the set of all equivalence classes by rjiiW, M, wq). 

There is a natural mapping ti : r]i{W, M,wo) — > ni{W,wo) generated 
by assigning to / G Si^niQ(0,W, M) its restriction to T. We introduce on 
rji (W, M, wo) a binary operation * which induces on r]i (W, M, wq) a structure 
of a semigroup with unity. Moreover, ([/i]*[/2]) = '■1 ([/i])''-! ([/2])! where ■ is 
the standard operation on Tti (M^, -iuo)- Then we establish standard properties 
of rii{W, M,wo) and provide some examples. In particular, we completely 
describe rji {W, M, wq) when W is a finitely connected domain in M = C and 
n is an identity. In particular, we show for a general domain W G C that 
[/l] = [/2] if and only if m([/i]) = m([/2]). 



1. Introduction 

Let iS be a class of holomorphic mappings imbedded into a topological space C of 
continuous mappings and endowed with the relative topology. Mappings /o and /i 
are called ft,-homotopic if there is a continuous path in S connecting these mappings. 
The ft,-homotopy is an equivalence relation and the set of equivalence classes will 
be denoted by H. We are interested in the structure of H and, in particular, in the 
relation between ft,-homotopy and topological homotopy. 

Until recently not too much was known about the /i-homotopy. It was not even 
clear how to approach the related problems. But in 1989 M. Gromov published the 
paper [G], where he introduced elliptic manifolds and proved that the homotopic 
Oka principle holds for holomorphic mappings into elliptic manifolds. This principle 
says that /i-homotopy is equivalent to topological homotopy. F. Forsneric and his 
colleagues expanded studies in this direction and their results can be found in 
[F] . However, elliptic or Oka manifolds are non- hyperbolic and, in general, the 
homotopic Oka principle fails. 

Another rather old appearance of the ft,-homotopy is the Kontinuitatssatz or 
continuity principle of H. Kneser (1932). To state it we need some notation. Let D 
be the unit disk, T — dU) and let ^(D, C") be the space of all continuous mappings 
of D into C" holomorphic on B. For a domain C C" we set S = 5(D, W, C") to 



2010 Mathematics Subject Classification. Primary: 32Q55; secondary: 32H02, 32E30. 
Key words and phrases, holomorphic mappings, homotopic Oka principle, homotopy theory. 
Both authors were partially supported by the NSF Grant DMS-0900877. 

1 



be the set of all / G ^(D, C" ) such that /(T) C W. The continuity principle states 
that if ly is a domain of holomorphy, then / G iS is /i-homotopic in iS to a constant 
mapping if and only if /(D) C W. 

The ft,-homotopy on 5(D, W, C") is an equivalence relation and in [Jo] the map- 
pings from the equivalence class of the constant mapping were used to construct 
the envelope of holomorphy of W, which is generally non-schlicht or a Riemann 
domain. In some sense this paper was an expansion of the continuity principle. In 
[LP] the whole set of equivalence classes was used to find plurisubharmonic subex- 
tensions and the mappings in the equivalences classes were used to fill the holes in 
W. _ 

In this paper we continue the study of the space S(D, W, C") with a twist. More 
precisely, let (W, 11) be a Riemann domain over a complex manifold M and wq be a 
base point in W. As a class S we consider the space 5i_^q(D, W, M) of continuous 
mappings / of T into W such that /(I) = wq and Ho/ extends to a holomorphic 
mapping / of D into M endowed with the natural topology (see Section [2]). The 
equivalence class of / G 5i^ujo (D, VF, M) will be denoted by [/] and the set of all 
equivalence classes by rii{W, M,wo)- 

There is a natural mapping ti : rjiCW, M , wq) 7ri(VF, wq) generated by as- 
signing to / G iSi,u,o(D, W^, M) its restriction to T. One of the achieved goals of 
this paper is to introduce on rii{W, AI,wo) a binary operation ★ and show that 
with this operation r]i{W,M,wo) becomes a semigroup with unity. Moreover, 
''i([/i] * [h]) = '■i([/i]) ■ '-i([/2]), where ■ is the standard operation on Tri{W,wo). 

Since the standard concatenation of the restrictions of /i and /2 to T cannot be 
realized as the boundary of an analytic disk we have to develop some machinery. 
This development starts in Section [5J where general facts are proved, and then 
continued in Section |3l where we study /i-homotopy on planar compact sets. This 
allows us to introduce in Section 2] the ■*: operation. Section [5] contains examples of 
r]i{W, M, Wq) when W is an annulus in the complex plane or Riemann sphere and 
Section [5] is devoted to major properties of ryi(VF, M, wq). 

Finally, in Section [7] we completely describe 77i(VF, M, wq) when is a finitely 
connected domain in M — C and 11 is an identity. In particular, we show for a 
general domain W d €, that [/i] — [f2\ if and only if ti([/i]) = ti([/2]) and this 
manifests the homotopic Oka principle in a hyperbolic case. 

We are grateful to Leonid Kovalev for his advice on the proof of Lemma VTM and 
to Tadeusz Iwaniec for the proof of Lemma 17.111 

2. Basic facts 

A Riemann domain over a complex manifold M is a pair (ly, 11), where W 
is a path connected Hausdorff complex manifold and 11 is locally biholomorphic 
mapping of W into M . Let p be a Riemann metric on A/. The mapping 11 lifts 
this metric to W as p. 

Let N be another complex manifold and let K he a, compact set in N . Suppose 
that a set K' C K and cj) : if ' — s- Af is a continuous mapping. We denote by 
A^{K,M) the set of all continuous mappings of K into M which are holomorphic 
on the interior K° of K and are equal to (j) on K' . If the set K' is empty then we 
denote A^iK, M) by A{K, M). 

If B C if is a compact set containing dK, K' C B, then by S^{B^ K, W, M) we 
denote the set of all continuous mappings f of B into W such that f — (p on K' 
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and there is a mapping / G A{K, M) coinciding with 11 o / on dK. If the set K' 
is empty then we denote 5^(5, K, W, M) by S{B, K, W, M) and if B ^ dK then 
we will write S^{K, W, M) for S4,{dK, K, W, M). Note that \iW ^ M and H is an 
identity, then 5^(5, K, W, M) = A^{K, M). 

If the set K is compact and has a non-empty boundary, then the mapping / 
is unique due to the following proposition which allows us to define the mapping 
n : S^{B, K, W, M) A^{K, M), where $ = Ho cj), as n(/) = /. 

Proposition 2.1. Let K G N be a compact set with a non-empty boundary. If 
f,g G A{K,M) are equal on dK, then they are equal on K. 

Proof. If Ki is a connected component of K° and zq G dKi, then zq G dK and 
f{zo) — g{zo). We can find neighborhoods U of zq and V of /(^o) biholomorphic 
to unit balls such that f{U) and g{U) lie in V. Let be a biholomorphic mapping 
of V onto the unit ball B. 

Let fi — (f) o f and gi = (f> o g he mappings on some connected component E of 
Ki n U. The function u{z) — log ||/i — considered as a function with values at 
MU {— oo}, is subharmonic on E, continuous on E, and is equal to — cx) on dEndK 
which has non-empty relative interior in dE. Since the set of irregular boundary 
points on dE is polar (see [H]), the set of regular points is dense in the boundary 
and, consequently, for the harmonic measure fiz relative to E and z d E we have 
liz{dE n dK) > 0. Hence u{z) — — oo and we see that f = g on E. Now standard 
arguments show that / — g on Ki and, after that, on K. □ 

We introduce the space T{N,W, M) of aU triples {B,K,f), where K C N is 
a compact set with a non-empty boundary, i? is a compact set in K containing 
dK and / G S{B,K, W,M). We define the topology on these space by choosing a 
system of neighborhoods. For this we introduce some Riemann metric d on N. If 
{B, K, /) G T{N, W, M) and $ is a continuous extension of / to and e > we 
define a e-neighborhood of {B, K, f) as a set of all triples {A, L, g) G T{N, W, M) 
such that the Hausdorff distance between L and K and between A and B is less 
than e and p{g{z), <J>(z)) < e for all z € L. 

It is easy to verify that if t/ is a e-neighborhood of {B,K,f), is a ^',(5- 
neighborhood of {A, L, g) and (C, D,h) ^ U , then there is a A, 77-neighborhood 
of (C, D, h) lying in U DV. Hence our choice of neighborhoods defines a topology 
on T{N,W,M). 

The set 5^(5, K, W, M) C T{N, W, M) and we define the topology on this set as 
the topology relative to the topology imposed on T{N, W, M). We will frequently 
work with triples {dK, K, f) and to simplify notation in this case we will write a 
pair {KJ) for {dK,K,f). The space of aU pairs {K,f) G TiN,W,M) will be 
denoted by S*{N,W,M). 

The following example explains why we measure the distance between $ and 
g and but not between / and g. Let N = C, K is the close unit disk D in C, 
W ^ {z e C : 1 < \z\ < 2}, M = CP\ and H is the identity. The triples 
{dK,KJ) and {dK,K,g), where 

/(C) = C and .9(0 - C + J 

are close on dK when e is small but / and g are not close in A{K, M). 
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We will use the notation T{N,M,M) when W = M and 11 is an identity. We 
define the mapping Hi of T{N,W,M) into the set T{N,M,M) as Ui{B,KJ) = 
{B, K, n(/)). It follows immediately from the definitions of the topologies involved 
that the mapping IIi is continuous. 

Lemma 2.2. Let {B,K,f) e T{N,W, M) and let ^ be a continuous extension of 
f to N. 

(1) There is eq > such that for every < e < sq the mapping IIi maps the 

e -neighborhood of {B, K, f) homeomorphically onto the e -neighborhood 

of{B,Kj). 

(2) There is 6o > such that if {A,L,g) lies in the <^ , S^-neighborhood of 
{B,K,f), then g can be extended to a holomorphic mapping g into W of 
the So -neighborhood V of A in L and Uog = g onV. 

(3) There is Si > such that if {dL,L,g) lies in the <t , Si-neighborhood of 
{B,K, f) a,nd K C L, then g can be extended to a holornoTphic mapping 'g 
into W of the Si-neighborhood V of dLU B in L, the triple (dL U B,L,g) 
lies in in the $, Si-neighborhood of {B, K, f) and Ilog = g onV. 

Proof. (1) We define the mapping Hq : N x W ^ N x M a.s Iia{z, w) = (z, n(w;)). 
It is easy to see that there is a ry-neighborhood U of the graph of / on i? such that 
the restriction of Ho to [/ is a homeomorphism of U onto a neighborhood V of the 
graph of / on B. There is (5 > such that if {x,y) & N x M and there is a point 
z G B such that d{x, z) < S and p{y, f{z)) < S, then {x, y) G V. 

Let us take So > such that eo < S/2 and p(f{z), $(a;)) < S/2 when d{x, z) < Eq. 
If e < £o and {A,L,g) is in the £-neighborhood of {B,K,f ) in T{N,M,M), 
then for any x G A there is z G B such that d{x,z) < e. Hence p{g{x), f{z)) < 
p{g{x),^{x)) + pi^ix), f{z)) < S. Thus the points {z,g{z)), z £ A, are in V. Then 
we can define the mapping h : B ^ W as h{z) = Pw{^Q^{z^g{z))), where Pw is 
the projection oi N xW onto W. Clearly, h = g, the triple {A, L, h) e T{N, W, M) 
and tii{A,L,h) = {A,L,g). Moreover, {A,L,h) is in the e- neighbor hood of 
{B,K,f) in T{N,W,M). 

If the triple {A,L,g) is in the e- neighborhood of {B,K,f) in T{N,W,M), 
then fli{A,L,g) is in the e-neighborhood of {B,K,f) in T{N,M,M). Hence, 
III is a bijection of the $, e- neighborhood of {B,K,f) onto the neighborhood 
of {B, K, /). Since the continuity of fl^^ is easy to verify we proved (1). 

(2) We take Sq ~ £o/4, where £o was defined in (1). For {A,L,g) in the $,5o- 
neighborhood of {B, K, /) we take as C the closed (5o-ncighborhood of A in L. Then 
the triple {C,L,g) is in the $, 2(5o-ncighborhood of {B,K,f) and by (1) there is 
(C, L, g) in the $, 2(5o-ncighborhood of (B, K, /) such that IIo^ ^ on C and g = g 
on A. 

(3) The proof follows the same line of argument as in (1) using the homeomor- 
phism Ho and will be omitted. □ 

The following result that allows us to lift mappings from M to W" is an immediate 
consequence of the lemma above. 

Corollary 2.3. For every {B,K,f) g T(N,W,M) there is e > such that for 
any continuous path {At,Lt,gt) in the -neighborhood of {B,K,f) there is a 



unique continuous path (At, Lt, gt) in the <^,e -neighborhood of {B^K,f) such that 
Ui{At,Lt,gt) = {At,Lt,gt). 

The following lemma establishes some sort of "convexity" of $, e-neighborhoods. 

Lemma 2.4. Suppose that f G S{B, K, W, M) and the graph of f on K has a 
Stein neighborhood in N x A/. For every e > there is S > such that if triples 
{A,L,gQ) and (A,L,gi) lie in the ^ , S -neighborhood of (B, K, f) in T(-/V, VF, M), 
then there is a neighborhood X of the interval [0,1] C C and a continuous map- 
ping G,^ : X — > S{A, L,W, M) such that Gq = go, Gi = gi, G(^ lies in the $,e- 
neighborhood of {K,f) and the mapping Gq{z) is holomorphic in C, for all z (z L. 
Moreover, if, additionally, a compact set L' (Z A and (?o|l' = 9i\l' = ip! then 
GcIl' = for all (eX. 

Proof. Firstly, let us assume that M is Stein. We choose e > satisfying require- 
ments of Lemma [121 1) and Corollary 12.31 and is so small that there is a compact 
set Z C M such that g{L) C Z for any {A,L,g) in the $, e-neighborhood V of 
{B,K,f). Let F be an imbedding of M into as a complex submanifold. By 
|GR[ Theorem 8.C.8]) there are an open neighborhood U of F{Z) in and a holo- 
morphic retraction P oiU onto Ur\F{M). Let / = Fof. Let us take ct > so small 
that the cr- neighborhood of f{K) in lies in U and for every zi in this neighbor- 
hood and any point Z2 e F{A) if ||zi-Z2|| < (J then p{F-^{P{zi)),F-^{P{z2))) < e 
and the interval [zi, Z2] C U . There is (5 > such that — F(u'2)|| < cr when 

Wi,W2 ^ A and p{wi,W2) < S. 

If {A, L, go) and (A, L, gi) lie in the ^-neighborhood of (B, K, /)Jn T{N, W, M) 
and gj = F o gj, then p{gj{C,), <&(C)) < ^ for ah ( G L. Hence, \\f — gj\\ < a. If 
\ = tgi -t- (1 - t)go, < t < 1, then 

\\ht{c) - /(c)ii < t\\m - 5i(c)ii + (1 - mm - uow < ^ 

for all C e L and < t < 1. Clearly, there is a neighborhood X of [0, 1] in C such 
that this inequality holds for all t e X. Thus ht{L) C U and we can define the 
mappings ht — F~^ o P oht- Clearly, ^0 = ^0 and gi ^ hi on K and by conditions 
on a we have p{ht{C), ^(C)) < £ on i. Thus the holomorphic path ht can be lifted 
to S{A,L,W,M) as G*. 

If, additionally, a compact set L' C A, (j) : L' —i' W is continuous and go|i' = 
51 1 L' = </>, then the mappings ht also are equal gt on L' . Hence Gt\L' = 4> for all 

tCzX. 

If M is not Stein but the graph F;^ has a Stein neighborhood Y in N x M, then 
we replace M with Y, W with NxW, /(C) with (C, /(C)) and 5^(0 with (C,5j(C)) 
for j = 0, 1. Then the same argument shows that the lemma holds. □ 

The following lemma allows us to shift slightly continuous paths in S*{N, W, M). 

Lemma 2.5. Let {Bt, Kt, ft), < t < I, be a continuous path in T{N,W, M) 
such that the set F — {(t, Cj /t(C))) ^ t ^ IjC £ ^t} '^e* some Stein domain 
U C C X N X M. Let $t be some continuous extension of the mapping /t(C) to 
C X N . For any e > there is S > such that if (At, Lt, gt) is a continuous path in 
T{N, W, M), Wt is a continuous path in W and ^t G At is a continuous path in N , 
< t < 1, and for all < t < 1 and C, Lt the triples {At, Lt,gt) He in the $t, 6- 
neighborhood of {Bt, Kt, ft) and p{gt{S,t),Wt) < S, then there is another continuous 
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path {At,Lt,ht) in T{N,W,M) such that ht{^t) = Wt and p{ht{(),^{t,()) < £■ 
Moreover, if gti^t) — Wt for some < t < 1 then ht = gt- 

Proof. Let F be an imbedding of U into C*' as a complex submanifold. By [GRl 
Theorem 8.C.8] there are an open neighborhood Y CC of F{V) in C and 
a holomorphic retraction P of F onto F{U) n Y . Let Pm be the projection of 
C X X Af onto M . We may assume that there is a constant C > 1 such that 
\\F{t, C, z)-F{t, C, w)\\ < Cp{z, w) on U and p{PMiF-\P{zi)), Pm{F-\P{z2)) _< 
C\\zi — Z2II when zi,Z2 G Y. We take an open set Y' CC Y containing F{T). 
There is a > such that F' + u C F for any w e with ||u|| < a. Let U' = 
F-'^{Y' nF{U)). 

Let F = {(t, C, /t(C)) eCxiVxM^: <t <!,( ^ Bt}. The set F is compact 
and there is a neighborhood Z of F such that the mapping Il2{t, (, w) — {t, (, ll{w)) 
is a homeomorphism of Z onto an open set Z C Cx NxM. For every < t < 1 and 
C & Bt the point (t, C, /t(C)) £ Therefore there is ry > such that {t, (,z) e Z if 
Pjv(C,Ci) < V for some Ci £ -Bt and p(z,$t(C)) < 

Given a continuous path {At,Lt, gt) in T{N, W, M), a continuous path wt in W 
and a continuous path in N satisfying conditions of the lemma we presume, firstly, 
that 5 is so small that for < i < 1 the paths {t,C:9t{C)), ( & Lt, and {t,^t,wt), 
Wt = n(u't), lie in Y' . Hence we can define the mappings gt{() — F{tX, gt{C)) of 
Lt into C^' and the path wt = F{t,^t,wt) in CP. Clearly, \\wt-gti^t)\\ < C6. So if 
we require that CS < a then the path ht{C) — gt{C) ~ gt{^t) + wt, C ^ -^t, lies in Y 
and we can define ht{C) — Pm {F^^ {P{gt{0))) ■ Note that ht — gt if 5t(6) — ^t- 

Since \\ht{0 ~gt{0\\ < C6 for < t < 1 and C € Lt we see that /5(/it(C), 5t(C)) < 
C^S. Hence p{ht{C)Jt{C)) < (l + C^)^. So if we require that (1 + C^)^ < min{??, e} 
then the points {t, C,, ht{C)) C Z when < t < 1 and C G Let Pw be the 

projection of C x x onto W and /it(C) = o n^^(i, C, /it(C)) for C e 9Pt. 
Then Ho ht — ht and ht{^t) — vot- □ 

We say that f,g & S^{B, K,W, M) are h,<f>-homotopic or / g if there is a 
continuous path connecting / and g in S^{B, K, W, M). The relation is evidently 
an equivalence and we will call the equivalence class of / by the h-homotopic type 
relative to the base (j) oi f and denote by The set of equivalence classes will 

be denoted by H^lB, K, W, M] or H^lK] and if [f]^ = [5]^ then we say that / and 
g are h, (p-homotopic or h-homotopic. 

As the following corollary shows the homotopic type is a continuous functions 
on S^{B, K, W, M) provided the existence of Stein neighborhoods for the graphs. 

Corollary 2.6. Let f,g E Sci,{B, K,W, M) and the graphs of f and g have Stein 
neighborhoods in N x M. If there are sequences {/j} and {gj} converging to f and 
g respectively in S^{B, K, W, M) and such that fj gj, then f g. 

Proof. By Lemma [2?4l there is jo such that fj f and gj g when j > jg. Since 
the relation is transitive we see that / g. □ 

3. Homotopic types of holomorphic mappings of planar compact sets 

Throughout this section K will denote a connected compact set in C with the 
connected complement. Let Co G dLC, K' — {Co}, a base point wq £ W and 
</,(Co) = Wo- We will denote S^{B,K,W,M) by S^^^y,^{B,K,W,M). It is rather 
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difficult to describe the set T-L^lB. K, W, M] — TLQg.wo [B, K, W, M] even in this case. 
To get some information we construct in this section a mapping of this set into the 
set Hi,„JT,D, W,M]. Two facts wiU help us to do this: firstly, by CoroUary 4.4 in 
[P] any mapping / g A{K, M) can be approximated by holomorphic mappings on 
neighborhoods of K and, secondly, by Theorem 3.1 in jP] the graph F;^ of / on if 
has a basis of Stein neighborhoods in C x M. 

Let D be a Jordan domain, i.e., a domain bounded by a Jordan curve (a home- 
omorphic image of a circle). Let Co G dD and let Ci be a point in D. We will 
associate with D, and d a unique conformal mapping e]j^(^g^(^-^^ of the unit disk 
D onto D which maps 1 to (q and to Ci- If 5 G Sco,wo{D,W, M) then we let 
'*£',Co,Ci = 5 ° exj^ijo.Ci ^'^'^ denote by {g, Co} the equivalence class of /i_d,i^o,Ci 
■Hi^i„(,[T,D, H^, M]. The choice of the point Ci does not influence {5, Co} because 
the group of conformal automorphisms of B with a fixed point on the boundary is 
contractible and in the future we will remove Ci from notation. 

We will need to construct continuous paths {dDt, Dt, ft)- In general, it is much 
more difficult to shift compact sets than the mappings. But when Dt is a Jordan 
domain, then the notion of Rado continuity described below is very helpful. 

Suppose that we have a family of Jordan domains C C, < t < 1, such that 
a neighborhood of a point C belongs to the intersection of all Dt- Such a family is 
Rado continuous if the family of conformal mappings 0f of D onto Dt such that 
0t(O) = C and </'((0) > is continuous on D x [0, 1]. (By a theorem of Caratheodory 
the mappings 0t extend to D as its homeomorphisms onto Dt.) A result of Rado 
(see [Ra| or [Go[ Theorem IL5.2]) claims, in particular, that a family of Jordan 
domains C C is Rado continuous if and only if for every to G [0, 1] there are 
homeomorphisms 5'(t, C) of dDt^ onto dDt converging uniformly to identity on 
dDtg as < — > to. 

Suppose that Dt, < t < 1, is a Rado continuous family of Jordan domains and 
Ct is a continuous path in C such that Ct S dDt- Let ipt be conformal mappings of 
D onto Dt such that tpt{0) — C and V't(l) = Ct- Then this family is also continuous 
on D X [0, 1]. Indeed, if < to < 1 then, rotating C if necessary, we may assume 
that ■^/'^o(0) > and Vto = 0to- H €t G dB and ^t(Ct) = Ct, then ^- 1 as t ^- to. 
Hence -04 differs from (j)t by a rotation by a small angle and this angle goes to as 
t to. 

As the proof of the following lemma demonstrates the notion of Rado continuity 
allows us to shift at least Jordan domains. 

Lemma 3.1. Let {B,KJ) e T{C,W,M) and wq e W. There is 6 > such that 

(1) Dq CC Di are Jordan domains and K C Di; 

(2) {dDiljB,Di,gi) and {ODq, Dq, go) lie in the -neighborhood of {B, K, f) 
in T{C,W,M); 

(3) Co G dDo and Ci G dDi and go (Co) = 5i(Ci) wq: 

(4) there is a continuous curve 7 : [0, 1] — > Di \ Do of diameter less than 6 and 
such that 7(0) = Co, 7(1) = Ci c-'n-d 7(t) G £>! \ Do, < t < 1, 

then {51, Ci} = {ffcCo}- 

Proof. For some £ > and the triple {B, K, f) we choose 77 > as 5 in Lemma [231 
Then for the chosen 77 let us choose < ct < 77 so that we can use Lemma [2.51 with 
e replaced by 77 and (5 by ct. 
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Suppose that (5 > is already chosen. If C £ Di \ Dq then d{(^, K) < 5 because 
Di hcs in the (5-neighborhood of K . But K hes in the (5-neighborhood of I?o and, 
therefore, d{(^,DQ) < 2S. Since C ^ Dq, d{(,dDQ) < 2S and, since ODq hcs in the 
i5-neighborhood of B we see that d{C, B) < 36. 

Our first requirement on S is that 3(5 should be less than Sq in Lemma 12.2( 2). 
Then gi extends to Di \ Dq. We will denote this extension also by gi. 

Let be a conformal mapping of Di \ Dq onto the annulus A{rQ, 1) — {( € C : 
vq < \(\ < 1} mapping 9Do onto the unit circle. We define the intermediate domains 
Dt as bounded domains with boundaries equal to 0~^({|CI = (1 — ''o)i + ^o})- The 
domains Dt are simply connected and the family Dt is Rado continuous. To prove 
the latter statement we note that as homcomorphisms of dDt onto dDtg we can 
take preimages under the mapping Q of the radial correspondences between circles 
in A{rQ,l). We will reparameterize this family letting Dt := Dg, j{t) € dDg, 
t G [0, 1]. Then the new family is still Rado continuous. 

Let us set At = dDt U {B D Dt) and consider the path {At,Dt, ht), where ht are 
restriction of gi to At. The set Dt C Di and, therefore, lies in the ^-neighborhood 
of K. In its turn K lies in the (5-neighborhood of Dq which lies in Dt. So the 
HausdorfF distance between Dt and K is less than S. We know that At lies in 
in the 35-neighborhood of i?. If ( G B \ Dt then ( ^ Di \ Dq and, by above, 
(i(C,9£'o) < 2(5. Hence d{(^,At) < 26. So the Hausdorff distance between At and B 
is less than 3(5. Consequently, the path {At, Dt, ht) lies in the 3(5- neighborhood 
of {B,K,f). 

Our second requirement for S is that 26 < a and p{gi{C),wo) < o when C G 
D\ \ Dq and d{(,Ci) < 6. Then p{ht{"f[t)),WQ) < a and by Lemma [2?5] we can 
replace the path {At, Dt,ht) with the path {At, Dt,pt) in the $, 77- neighborhood of 
{B, K, /) such that_pt(7(t)) = wq. _ 

The triple {Aq,Dq,pq) = {ODq U {B n Dq),Do,po) is the $, ?7-neighborhood of 
{B,K,f). So the triple {ODq, Dq,pq) is in the same neighborhood. By Lemma [2^ 
there is a continuous path {ODq, Dq, qt) in the £-neighborhood of {B, K, f) con- 
necting {ODq, Dq,pq) and {dDo, Dq, gQ) and such that qt{Co) — wq. Concatenation 
of these two paths provides a continuous path {dGt,Gt, gt) connecting {ODq, Uq, ffo) 
and {dDi, Di, gi) such that the family of Jordan domains Gt is Rado continuous. 
We let Ct — 7(i) on the first part of his path and Q — Co on the second part. 

By the theorem of Rado the path (T, D, gt o ect.Ct.Ci) continuous. Hence, 

{ffi^Ci} = {5o,Co}- □ 

Let 7 : [0, 1] — !■ C be a continuous curve such that ^{t) G C \ K when t > and 
7(0) = Co- Such curves will be called access curves to at Co- In the terminology 
of the prime ends theory it means that the point Co is accessible in C\K. If D is 
a domain which meets 7 we let Cr>,7 = 7(5-0,7)1 where SD,-y = inf{t : ^{t) £ dD}. 

If _D is a smooth Jordan domain containing K, D meets 7 at Ci, a pair {D, g) G 
S*{C,W,M) and g{£,i) — wq, then we say that the triple {D,g,^i) is a $,e- 
approximation of / G S(:;q,w„{B,K,W,M) if {D,g) lies in the e- neighbor hood 
of {K,f). We will write {D,g) for {D,g,C,D,-y) and say that {D,g) is a 
approximation of / with respect to 7. 

The following proposition asserts the existence of $, e- approximations for every 
$ and e. 
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Proposition 3.2. Let f G S,^g^wa{B, K,W, AI), let ^ be a continuous extension of 
f to C as a mapping to M and let 7 be an access curve to K at (^q. Then for every 
£ > there is a ^,e- approximation {D,g,(^i) of f , where Ci is any point in dDHj. 

Proof. By Lemma [2.51 for every e > there is 5 > such that if {D, h) lies in the 
$, ^-neighborhood of {K,f) and p{h{(i),wo) < 5 for some (i G dD, then there is 
a mapping g G S^^,wf^{D,W, M) such that {D,g) lies in the e- neighborhood of 
(KJ). The set f = {(i,C,/(C)),0 < i < 1, C e i^} has a Stein neighborhood in 
C X iV X M. By Corollary 4.4 from |Pj for every 6 > there is a smooth Jordan 
neighborhood D of K and a mapping h G S{D, M, M) such that {D, h) lies in 
the <I>, (5-neighborhood of {K,f). Taking S < Eq m Lemma [2.2r il we can lift h to 
S(D, W, M) as h. 

We may assume that 5 is so small that if dD meets 7 at C,i then p{h{(i), wq) < 
S. Shifting h with Lemma 12.51 we get the triple {D,gXi) providing the needed 
approximation. □ 

The following proposition asserts that if the pair {D, g) is a sufficiently good 
approximation of some {B,K,f) G S^^^wgiB, K,W, M) then {g^D.^y} does not 
depend on D and g. 

Proposition 3.3. Let f G ^^oiB, K,W, M) and let 7 be an access curve to K 
at Co. There is S > such that if and {Do,go) o,nd {Di,gi) are ^,S- approximations 
of {K,f) such that ODq and dDi meet 7, then {goXoon} ~ {51'C-Di,7}- 

Proof. Let us take S less than S/2 from Lemma [3.11 and e from Proposition 13.21 
Suppose that sdo,i i£ 'S£'i,7- We take a Jordan domain D Cd Dq D Di containing 
K such that the restriction of the curve 7 to [sdo,7i sui.-y] lies outside of D. Let 
ti = sup{t : ^{t) G D} and ^1 = 7(^1)- Then the restriction 71 of the curve 7 
to [ti^SDi,-y\ lies in Di \ D. By Proposition 13.21 we can find a $, ^-approximation 
{D,g,£_i) of {K,f). By Lemma IXTl {q. fi } — {gi,CDi,'y}- If we replace 71 with the 
restriction 72 of the curve 7 to [ti,SDo.-y] the same reasoning shows that {g,Ci} = 

Consequently, for / G (/iT, VK, M) there is a $, e- neighborhood of [I^^f) 

such that the class {5,C-D.7} is the same for all pairs {D,g) in this neighborhood 
and it will be denoted by [/, 7] . 

The following result shows that [/, 7] continuously depends on {B,K,f). 

Theorem 3.4. Let f G 5^0, i^, K, W, M) and let 7 be an access curve to K at (^q. 
For any continuous extension ^ of f there is rj > such that if a triple {dL, L, g) lies 
in the $, rj -neighborhood of (B, K, /) in T{<C., W, M) the point Co G dL. .g(Co) — wq 
and "f is an access curve to L, then [/, 7] = [5,7]- 

Proof. Let us take 5 satisfying Lemma l3Tl We take t] < min{(5o, 5i,S/2}, where i5o 
and 5i are taken from Lemma [2.21 and find a pair {Dq, /q), where Dq is a Jordan 
domain containing K, in the $, 77-neighborhood Y of {K, f) such that {/o, C,Do,-y} = 
[/, 7]. By Lemma [2^21 2) .(3) the mapping /o extends to the i5o-neighborhood of B 
so that the triple [ODq U B, Dq, /q) lies in the $, ry-neighborhood of {B, K, /). 

We assume that 77 is so small that the diameter of 7 in Dq is less than S. Then 
we take a continuous extension \1/ of g and a > such that ^I*, cr- neighborhood V of 
{L,g) lies in Y. There is a pair (Di, 170) G V, where Di CC Dq is a Jordan domain 
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containing L, such that {ffOiC-Di.Tl = [5i7]- Since the Hausdorff distances between 
dL and B and between dL and dDi is less than ry, the Hausdorff distance between 
dDi and B is less than 2-q. So the triple {dDi, Di,gi) is in the $, 2r/-neighborhood 
of iB,KJ). 

Now we take a Jordan domain _D CC Dq D Di containing L such that the 
restriction of the curve 7 to [sd^.-j, soo.-y] lies outside of D. Let ti — sup{i : 7(t) S 
£)} and ^1 = 7(^1). Then the restriction 71 of the curve 7 to [ti,SDo.-y] lies in 
Z?! \ D. By Proposition 13.21 we can find a $, ^-approximation (_D,/i,^i) of 
which is also will lie in V. By Lemma [3.11 {h. f 1 } — {fo,CD„.-y}- If we replace 71 
with the restriction 72 of the curve 7 to [ii,SDi.7] the same reasoning shows that 
{K^i} = {goXD.n}- Thus [/,7] = [5,7]- ' □ 

In the future we will mostly use the space S* (C, W, M) and the following corol- 
lary, which is an immediate consequence of the preceding theorem, is rather useful. 

Corollary 3.5. Let {Kt,ft) be a continuous curve in S*{C,W,M), < t < 1. 
Suppose that for all t S [0, 1] the point Co G dKt, ftiCo) = wq and 7 is an access 
curve to Kt at 7(0) = Co- Then [ft,^] = [/o,7] for all t e [0, 1]. 

Let / G Si^a,w„{K, W,M) and let 7 be an access curve to if at Co- By Corollary 
[Ml if / ^0 5 then [7,7] = [5,7]. Hence the mapping : [7,7] of 

nc^,n^o [dK, K, W, M] into Hi.^uo [T, D, W, M] = 771 {W, M, wq) is well-defined. If / e 
W, M) let i{f) be the loop /|t in W. Clearly, if / -'^^^ g in i^^{W, M, wo), 
then and L{g) are homotopic in ni(W,WQ). Hence the mapping 

ii : rii{W,M,WQ) -> 7ri(VF,wo) 

is also well-defined. 

The role of an access curve 7 is to choose where 1 is mapped by e^.^n.^j. As 
the following example shows that this choice is important. Let M — C, W = 
C \ ({|C + 4| < 1} U {|C - 4| < 1}), wo = and H(C) - C- Let X - {|C + 4| < 
2} U [-2, 2] U {|C - 4| < 2}) and / : X ^ M is defined as /(C) = C- Let Co = 0, 
7i(<) = it and 72 (i) = ~it, t > 0. Let Z? be a smooth Jordan domain containing 
K such that the Hausdorff distance between D and K is less than S > and dD 
meets the imaginary axis in two points ia and —ia, a > 0. For small (5 > we 
let (71(C) = C — i<J and g2(C) = C + *cr- Then the pairs {D,gi) and {D,g2) can 
be as good approximations of {K,f) as we want. But the loops gi{eD,ia{e^^)) and 
(72(e_D,-icr(e**)), < 9 < 2it, are not equivalent in Tri{W,wo) and, consequently, 
bi,7i] 7^ [92,72]- 

Two access curves 71 and 72 are equivalent if for every e > there is (5 > 
such that if < ^1,^2 < S then the points 71(^1) and 72(^2) can be connected by a 
continuous curve a in ID)(Coi £) \^- In the terminology of the prime ends theory (see 
[C]) it means that curves 71 and 72 determine the same prime end. In particular, 
if K is bounded by a Jordan curve (a homeomorphic image of a circle) then by a 
theorem of Caratheodory all access curves at any point of dK are equivalent. 

The following result provides some information on the dependence of I-y of 7. 

Proposition 3.6. Let f G SQ„^nio{K, W, M), Co £ dK and let 7 be an access curve 
to K at (^Q. Then: 

(1) i/70 and 71 are equivalent access curves then I^,, = 7^^; 

(2) if K is the closure of a Jordan domain then [/, 7] — {/, Co}- 
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Proof. (1) We take 5 from Lemma 13.11 and find $, (5-approximations {Dq, fo) and 
{Di, fi) of [K, f) such that the diameter of 70 and 71 in Dq and Di respectively is 
less than (5/3 and I-ygif) = {foXoono} ^^'^ ^lif) = {/ii Cdi.tiI- Then we connect 
7o(io) and 71 (ti) by a curve 72 in ©(^OjO-) CC Do n Di and with a < S/3. 

We take a Jordan domain D CC Dq n i^i such that K C D and 72 does not 
meet D and let ^2 = sup{i : 71 (i) S D}. Let (-D,^) be a $, ^-approximation of 
(if,/) such that g(7i(t2)) = wo- By LemmaOI/i, Cci.71} = {5>7i(*2)}- 

Let 73 be the curve which follows 70 from soa.-yi down to then 72 until it 
reaches 71 and then 71 down to 71 (^2 ) ■ The diameter of this curve is less than 5 
and it lies in Dq \ D. Again by Lemma [SU {/o, Cdq, 70} — {ffi 71(^2)} and (1) is 
proved. 

(2) is an immediate consequence of Lemma 13. II □ 
The mapping I~f need not to be surjcctive as the following result shows. 

Theorem 3.7. // / £ Sq„^wo{K,W, M) and f{K) C W, then f is h-homotopic to 
the constant mapping c = wq. In particular, Hij^^u,,-, if , IV, A/] consists of one 
element if K has no interior. 

Proof. If / e SQf^^wo{KiW, M) is not equal to c then we assume, firstly, that / 
extends holomorphically to a neighborhood U of K. Since / maps K into W we 
can fix a Stein neighborhood V of the graph of f va U xW . Then we choose a 
smooth Jordan domain D containing K such that / extends holomorphically to D, 
f maps D into W, the graph F of / on £) lies in V and p{wQ, f{j{t))) < e when 
< t < SD^-y where the precise value of e > will be determined later. 

Then we consider the continuous family 0(, < t < s^i, of conformal automor- 
phisms of D which move C^q onto ^(t) and leave Cd.7 in place. As the result the 
compact sets Kt — 4>t{K) will converge uniformly to C-D,7: the mappings gt — f o4>t 
will converge uniformly to the constant mapping g = f^Co) and p{gtiCo), wq) < e. 

Now if F is an imbedding of V into and J7 is a neighborhood of i^(r) with 
the retraction P on F{V), then we require £ > to be so small that the mappings 
/t(C) = FiC. St(C)) -^FiCo, gt(Co)) + F{Co, Wq) map K into U. Then the continuous 
path ft = Pw o P oht connects / and c. 

For the general mapping / we note that by Theorem 4.3 in [P] it can be approx- 
imated by holomorphic mappings on neighborhoods of K whose restriction to K 
belongs to S^^^woiKi W,M) and then the result follows from Corollarv 12.61 

If K has no interior then any / C 5^^, if, PV, Ai) maps K into W and the 
result follows from the statement above. □ 

However, Ij is surjective if K has a non-empty interior. 

Theorem 3.8. If K has a non-empty interior then the mapping Ij is surjective. 

Proof. Suppose that / C iSi^u,o(D, VF, Ai). We want to show that there is h G 
Sco,u,oiK, W, M) such that I^{h) = The set f = {(t, C, /(C)), < i < 1, C e 

D} has a Stein neighborhood in C x x Ai. We take some extension of / to C and 
for some e > find (5 > so we can use Lemma [231 

We take 5 so small that / extends to A = {1 — 5 < \C\ < 1} as a mapping in 
^(A, VF). We choose a smooth Jordan domain D containing K and meeting 7. 
Mapping D\K onto an annulus Ar^ ~ {ri < \(\ < 1} we introduce smooth Jordan 
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domains whose boundaries a preimages of the circles of radius ri < s < 1 under 
this mapping. 

Let ^1 be an interior point of K and let <j)s be a conformal mapping of Ds onto 
D moving Ci into and Cos^-y to 1. Let us show that for every 5 > Q there is 
ri < So < 1 such that for all ri < s < sq the mappings 0s move dK into A. 
If not and there are a decreasing sequence {sj} converging to ri and a sequence 

} C dK such that | (j)s- < 1 — 6 then we may assume that {(ps^ ) } converges 
to ^ S B(0, 1 — S). By a theorem of Caratheodory (see |Go[ Theorem n.5.1]) the 
sequence {4>7^^} converges uniformly on compacta to a conformal mapping of D 
onto the connected component of the interior of K containing Ci . But then 

and this contradiction refutes this possibility. 

Hence we may presume that /(0s (7(0)) defined when ri < s < sq. Let us 
show that for any (5 > there ri < si < sq such that p(/((/)s(7(i))), wq) < 5 when 
< t < s_Dg,7 and ri < s < si. If there are a decreasing sequence {sj } converging to 
Ti and a sequence of points Q <tj < SD,.,-y such that p{f{4>sj wo) > 6, then 

we denote by 7^ the restriction of 7 to [0, s^ .-y]. Then the harmonic measure of 
(j)s- (7j ) in D with respect to is greater or equal to some e > while the harmonic 
measures of 7^ in Dg^ with respect to Ci tend to as j — 00. Since the harmonic 
measures are preserved by biholomorphisms, we see that the diameter of 7^ tends 
to and p{f{(j)s{-f{tj))),wo) < S when j is large. 

For ri < s < si we set Ls = 0si(^s) and let to be the restrictions of / 
to Ls- We set L^^ — (psiiK) and to be the restriction of / to Lr-^. Clearly 
{Ls,gs) is a continuous path in iS*(C, W,M). Let ^s — C-Ds.7- By Lemma [2.51 there 
is another continuous path (Ls, hs) such that hs{4isi (^s)) — wq. Moreover, Ls^ = D 
and /isi = /• 

By continuity the class {/is,'?s} stays constant when ri < s < si and, therefore, 
is equal to [f]i,wo- If Ps ^ hs o (j)s^ then we see that {PsXd,,^} = [/]i,too when 
ri < s < si. Eh— then pairs {Ds,Ps) converge to {K,h) in S*{C,W,M) and 
we see that I^{h) = [/]i,too. □ 

The following result allows us to modify compact sets and will be used as a major 
tool. 

Lemma 3.9. Suppose that K is the union of disjoint compact sets Ki and K2, 
which are connected and have connected complements, and a simple curve a : 
[0, 1] — C, which connects Ki and K2 and a H Ki = {h ~ a(l)}, a fl K2 = {a — 
q:(0)}. Let 7 he an access curve to K at a and let f e Sa,woiK, W, M), f(h) = wi. 
There is a connected compact set L consisting of K2, a curve j3{t) = a{t), <t < 
to ^ 1, a'lT-d a closed disk D attached to (3 at pit^^) and g G Sa.wo {L, W, M) such that 
9{f3{to)) = wi, [/,7] = [5,7], [g\i3uD,l] = [f\auKi,l] and {g\D,P{ta)} = [f\Ki,a]. 

Proof. By the definition of [/|jfj,Q!] the pair (Ki, flxi) has a $, e-approximation 
{n,h), where $7 is a smooth Jordan domain containing Ki, such that f2 does not 
meet K2, /i(Cn,a) = wi and {h,Cn,a} = where Cn.a = a(to) and to = 

min{f : a(t) G d^l}. Let rj be taken from Theorem 13.41 We may assume that e is 
so small that we can extend h continuously to the curve /3 so that p{h{t), f{t)) < rj 
and h{a) — wq and (/3 U SI, h) lies in the 77-neighborhood of (a U Ki, fauKi)- If 
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we extend h to K2 as /, then the pair {K2 U /3 U fl,h) is in the $, r/-neighborhood 
of (KJ). By Theorem [31] [/, 7] = [h,-/], [hlp^wl] = [f\cuK„l] and [/i|^un,7] = 

Now we take a disk D d such that Cn.a e 9D but Z) C U {Co.a}- The 
set fl\ D is conformally equivalent to the strip {0 < ImC < 1} and we let ilt to 
be simply connected domains in fl whose boundaries, except Cn,a, are moved to 
lines {ImC = t}, < t < 1, hy this equivalence so that dV, goes to {Im(^ = 0}. 
Clearly we get a Rado continuous family of simply connected domains Jit. Let if* be 
compact sets consisting of fit, K2 and the curve /3. Let (f>t be a continuous family of 
conformal mappings of fit onto Q such that (/'o(C) = C '/>*(Cn,a) = Co, a- Define 
/* e Sa,y,oiK*,W,M) as /*(C) = HMO) on ^ and / on K2 and /3. ' Then by 
Corollary|33][/*,7] = [^1,7], [/i|/3uD,7] = [f\auKi,l] and {/%^,Co,q} = {h,Cn,a} 
for alH e [0,1]. _ 

The pair of the set L ~ consisting of D, K2 and /3 and the mapping g — 
satisfies all requirements of the Lemma. □ 

Remark: If a is a smooth curve then by Corollarv 13.51 we can shift D along a 
so it becomes attached to b. 

4. HOLOMORPHIC FUNDAMENTAL SEMIGROUP OF RiEMANN DOMAINS 

If / 6 Si^yjg (D, W, M) we will denote [/] 1,^0 by [/] . To introduce on 771 ( W, M, wq) 
a semigroup structure compatible with ti we need additional construction since in 
the standard definition the sum of two loops cannot be realized as a boundary of 
an analytic disk. 

Suppose that /i,/2 e Si^woiPiW^M) are representatives of equivalence classes 
[/i] and [/2] respectively in 77i(W,M, wq)- Let if C C be the union of Ki — 
{|C - 1| < 1} and K2 = {|C + 1| < 1} and let -f{t) = -it, <t <\. Then 7 is an 
access curve for K to Q. We define the mapping 



/i(i-C), Ce^ifi, 
/2(i + C), Ce9if2 



of dK into W. The mapping hf^j^ maps K into M so hf^j^ G 5o,u,o(if, W^, M). 

We let [fi] * [/2] — Ij{hf^j2). If /i and /2 are /i-homotopic to 51 and g2 
respectively in Si.wo(^,W, M), then evidently /i/i,/2 is /i-homotopic to hg-^^g^ in 
iSo,u>o(-^j VF, M). Hence the class [/i] * [/2] is well defined. 

One of the advantages of the ★ operation is its help to calculate the homotopic 
type of holomorphic mappings of compact sets. Let ai and a2 be two simple curves 
connecting the origin and points Ci and C2 in C and meeting only at the origin. We 
attach to these points two disjoint compact sets Ki and K2, which are connected 
and have connected complements, so that KjHaj = {Cj}i j = 1; 2, and KjHak = 0, 
j ^ k. Let Li = ai U Ki and L2 = "2 U K2 and L — Li U L2. Let 7 be an access 
curve to L at the origin such that if we move by 7 and then by dL counterclockwise, 
then we meet Li first and then £2- 

Proposition 4.1. Suppose that f € So^wa{L,W, M). Let fj be the restriction of f 
to L,, J ^ 1,2. Then I^{f) = J^(/i) */^(/2). 

Proof. Deforming curves ai and 02 and the mapping / near the origin we may 
assume that there is io > such that ai{t) = t and 02 (t) — — t and /(ai(<)) = 
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/(a2(t)) = wq when < t < tQ. To use Lemnia l3.9l we spht L into compact sets K[ 
which consists of the restriction of the curve ai to [to, 1] and Ki while K2 consists 
of a2 and K2 ■ The role of the connecting curve a is played by the restriction of the 
curve ai to [0,to]- The same splitting is applied to Li but in this case K2 is just 
the origin. 

By Lemma lB^ we can replace in both cases K[ by a closed disk attached to ai (to) 
and the mapping / by a mapping g so that I^{f) = I-y{g) and I-y{fi) = I-yiglK^ua)- 

We repeat the same trick for K2 and obtain a compact set A consisting of the 
intervals Ii — [0,to] and I2 — [—^0,0] and closed disks Di and D2 attached to to 
and —to respectively. Then we construct a continuous path in S* {C,W, M). At 
the first step we rotate the disks Di and D2 around to and —to respectively so 
that the intervals Ii and I2 become perpendicular to the boundary of the disks. 
The mappings gt are defined by compositions with these rotations. Since this is a 
continuous path in S*{C, W, M) by Corollarv 13.51 homotopic types do not change. 

Then we shrink intervals Ii and I2 to the origin applying dilations c?t(C) = t(^, 
< t < 1, with the simultaneous parallel translations of the disks Di and D2 along 
the real line so they stay connected with the intervals. Again the mappings gt are 
defined on the disks by compositions with these translations and stay equal to wo 
on the interval. 

Finally, we dilate the disks using the mappings t(^ to make them of radius 1. In 
this way we obtained a compact set K consisting of two disks exactly as in the 
definition of the ★ operation with mappings gi and 52 on the disks. Let g = hg-^^g^. 
By construction Iy{gi) ^ lyifi), 1^(92) = If{f2) and I^{g) = /^(/). Since I^{gi) = 
[gi], If{g2) — [92] and If{g) — [gi] * [92] the result follows. □ 

This construction allows us to prove that r/i(VF, Af, wq) with the operation * is 
a semigroup. 

Theorem 4.2. The operation ★ induces on rjiiW, AI,wo) the structure of a semi- 
group with unity. 

Proof. The unity is the class of the constant mapping equal to wq on T. If, say, 
/i = Wo then continuously shrinking Ki to the origin leaving the functions equal 
to Wo we will get a continuous path in S*{C, W, M) which ends at (if2, /2(1 + C))- 
By Corollary[33]/^(/i/,jJ = [M- 

To prove that the operation * is associative we consider a compact set L con- 
sisting of three intervals Ii = [0, 1], I2 = [0,i], /a = [—1,0] and three closed disks 
= {|C - 2| < 1}, D2 = {|C - 2i| < l}_and = {|C + 2| < 1}. The access 
curve 7 = [— i, 0]. Given /i, /2, /a e <Si,^o(ID), W, M) we define the mapping f on L 
to be equal to wo on intervals Ii, /2, and /i(2 — () on Di, /2(2 + i() on D2 and 
/3(2 + C)onI33. 

Let fj be the restriction of / to Ij U Dj, j = 1, 2, 3. Shifting continuously Dj to 
the origin we see that Ijifj) = [fj]- Let /" be the restriction of / to Dk^jlk U D^.. 
By Proposition (/sO = IjifD^IM!^) = Ifi] * [M- Also by Proposition O 
lyif) = I-yifs) * I-rih) = ([/i] * [/2]) * [Is]- Now if repeat this argument taking 
instead /{' then we get (/) = {f[ ) * (/(') = [A] * ( * [/a] ) . □ 

Another useful tool to calculate homotopic types using the ★ operation is the 
content of the following proposition. Suppose that Z) is a Jordan domain in C and 
Co £ dD. Suppose that there are k simple curves ai, . . . ,ak in D such that the 

14 



curves meet dD only at their endpoints, endpoints of each curve are not equal and 
the curves may meet each other only at endpoints. The curves are numbered in 
such a way that if we move counterclockwise from <^o along dD until we reach an 
endpoint of one of these curves such that the domain between this curve and dD 
contains no other curves, then this curve is ai. We denote the domain between ai 
and dD by Di. We also denote by Ci the endpoint of ai we encountered first. Let 
Ki be the compact set consisting of Di and the arc in dD connecting Co and Ci- 
The complement of Di in D is also a Jordan domain and if we repeat this process 
in Di then we get a2, D2 and K2 and so on. Thus we obtain Jordan domains Dj 
and compact sets Kj, 1 < j < A: + 1, and we will say that the curves ai, . . . , 
divide D. 

Let B — dDUai U • • • Ua/c and / € 5^0. wo {B, D, W, M). Let fj be the restriction 
of / to dK,. Then /, e 5co,w„(Kj, W, M). 

Proposition 4.3. Suppose that D is a Jordan domain in C, Co £ dD and 7 is an 

access curve to D at (q. Let ai, . . . ,Q!fe be simple continuous curves in D dividing 
D into domains Dj, I < j < k + 1. ///G '5^o'"o (^j D, W, M) then 

h{f) = h{h)*---^ii{h+i)- 

Proof. Since the mappings /-,- are defined inductively it suffices to prove this propo- 
sition for k — 1. The rest follows by induction. 

At the first step we will separate Di and D2 along ai. Let ai : [0,1] — D, 
ai(0) = Ci and ai(l) = ^1. We fix conformal mappings ^1 and ^2 of D onto Di 
and 'D2 respectively such *i(l) = ^'2(1) = Ci and = ^'2(-l) = Ci- We 

may extend / holomorphically into a neighborhood V of ai as a mapping into W . 
There is to > such that all arcs Pt of unit circles centered at ii, < t < to: lying 
in D belong to '^^'^[V). Let Et be the closed set in D bounded by fit and T and 
containing 0. We let K\ be the union of 5'i(£'f) and the arc in dD connecting Co 
and Ct, where Ct = ^i(Ct) and is the point where (3t meets T and Re ^4 > 0. 
Set fl to be the restriction of / to dK\. Then {K\, fl) is a continuous path in 
S*{<C,W,M) and /t(Co) = wq. By Corollary [33] /^(A*) = /^(/i) when < t < to- 

We do the same with D2 getting a continuous path {K2, in 5*(C, W, M) with 
/2(Co) — wq such that I.y{f2) — I-y{f2) when < t < to- 
Let K*^ be the union of Kl and K2 and let /* be the restriction of / to dK*^. If rj is 
taken from Theorem EZlthen the triple {dK\K\ /*) lies in the $, ?7-neighborhood 
of {B,K, /) when t is small and by this theorem = I-yif)- 

In the last step we separate in the same way K2 from K\ along the arc in dD 
connecting Co and Ct- Again homotopic types will not change. We apply Proposition 
10 to show that (/) = (/i ) ★ (/2 ) . □ 

5. Examples of holomorphic fundamental semigroups 

In this section W = As,r = {« < \z\ < r}, where < s < 1 < r, and M = CP^ 
or M = D(0, x) = {|C| < x}, where r < x < 00. We fix n(z) = z and wq = 1. 

The examples below show that the mapping ti : 771 {W, M, wq) — > tti {W, wq) need 
not to be injective or surjective. 

Theorem 5.1. The semigroup CP"'^, wo) is isomorphic to Nq ©No, where 

No is the semigroup by addition of non-negative integers. Under this isomorphism 
the class 0/ / G Si_wo{^t As,r,'CF^) is mapped into {m,n), where m and n are the 
numbers of zeros and poles of f respectively counted with multiplicity. 
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The semigroup rji{As,n 15(0, x), wq) is isomorphic to Nq. Under this isomorphism 
the class of f E iSi (D, E^CO, x)) is mapped into m, where m is the number of 
zeros of f counted with multiplicity. 

Proof. Firstly, we show that ii f,g £ Si,wq(D: As^r.'CF^) and / and g have the 
same numbers of zeros and poles, then [/] = [g]. For this we define F{z,() — 
a{z){C - z){l - zC)-i, where a{z) = (1 - z)-\l - z), so F{z,l) = 1. If aj,, 
1 < fc < m, are zeros of / and bj, 1 < j < n, are poles of /, then we can write 

/(C) = Z{0{P{C))-'h{0, where Z{C) = Djli J^(«i,C), ^(C) = n;=i^(&.,C) and 
h G Si.uj„i^,Asj-,CF^) has no zeros or poles. Since s < \h{C)\ < r on T, we see 
that s < \h{()\ < r on D. 

Take two distinct points a, & G E). Let afc(i), 1 < fc < to, and l3j{t), 1 < j < n, 
be families of continuous curves on [0,1] in D such that afc(O) = a/j, afc(l) = a, 
/3j(0) = bj, = b, and no two curves intersects each other except at end points. 

For < t < 1 let ZtiO = UT=i F{a,it)X) and Pt(C) = IlJ^i ^(/^j 0- Define 
htiC) - h{{l - t)C + t) and ft - ZtPtht. Then 1 = u^q, /o = / and 

/i(C) — F"^{a, C)-F'^"(fo, C)- Thus we see that mappings with the same numbers of 
zeros and poles are /i-homotopic to the same mapping and, hence, their homotopic 
types are the same. 

If ft is a continuous path in 5(D, Ag^r, CP^), then the mappings ft form a con- 
tinuous path in A{Ii, CP^). Hence the number of zeros and poles counted with mul- 
tiplicity stays constant. Therefore the mapping R{[f]) = {m,n) of 771 (W, CP , wq) 
into No © No, where m and n are the numbers of zeros and poles of / respectively 
counted with multiplicity, is well defined. By the argument above the mapping R 
is injective and, evidently, it is surjective. Let us show that if fi has toi zeros and 
ni poles and /2 has TO2 zeros and n2 poles, then -R([/i] * [/2]) — (toi + TO2, ni+n2). 
This follows immediately from the definition of the ★ operation because a suffi- 
ciently good $ , e-approximations of the mapping hf-^j^ in the definition has exactly 
mi + TO2 zeros and ui + n2 poles. 

The case when M — D(0,x) follows from this argument if wc take into account 
that the number of poles is equal to 0. □ 

Another example when ti is not be injective is based on an example by Wermer 
f [WHlW2] ). He constructed a strongly pseudoconvex domain 51 C C"^ difFeomorphic 
to a ball and a holomorphic imbedding F(z, w, t) — (z, zw + i, zuP' — w + 2tw) of Q, 
into such that the mapping /(C) = (C, 1,0) £ 5(©, i^(17), C^) but /(O) ^ F{n). 
While ti([/]) =0 the mapping / is not /i-homotopic to a constant mapping because 
it will contradict the continuity principle. However, it was proved by Nemirovskii 
in [Nej that if is a strongly pseudoconvex domain in diffcomorphic to the ball 
then 7^1(^2, C^, Wo) = 0. 

6. Properties of holomorphic fundamental semigroups 

Let (T^i, Hi) and (W2, n2) be two Riemann domains over two complex manifolds 
Ml and M2 respectively. Suppose wi £ Wi, W2 G W2 and there are holomorphic 
mappings (f> : W\ W2 such that cj){wi) — W2 and ■0 : Mi — )■ M2 which satisfy 
■0 o Hi ~Ii2°(t>- Then for any / G S{K, Wi , Mi ) we have Ii2 ° (t) ° f — "^1^ ° f ^ 
ifj o f. So0o/ = -0o / and we get a continuous mapping from S*{N, Wi,Mi) to 
S*{N, W2, M2) which maps a pair [K, /) to {K, (j) o /). Hence, firstly, the mapping 
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from iSi^^i (D, Wi, Ml) to 5i,^2 (D, induces a well defined mapping from 

?]i{Wi,Mi,wi) to r]i{W2,M2,W2) given by </)*([/]) = o /]• Secondly, if 7 is an 
access curve to K , then 7]) — [4>o /, 7]. In particular, if {K, hf-^j^) is the pair 

in the definition of the * operation, then 

= ['/'° ^/l,/2>7] = [V/1,00/2,7] = ° /l] * [(A ° /2] = (A*!/!] *0*[/2]. 

This leads us to the following proposition. 

Proposition 6.1. The induced mapping (p^, : rji{Wi,Mi,wi) — ?• 7?i(W2, M2, W2) is 
a homomorphism. 

This proposition has the following corollary. 

Corollary 6.2. Let f E Si ^2 (©, W^2, M2) and let [f]*'' be the product of k classes 
[/]. T/ien = [/(C'^)]. 

Proof. We may assume that / is defined on D(0, r), r > 1, and / maps A^-i ,, into 
W2. Set Wi = Ml = D(0,r) and Wi ==1. Let = / and iP ^ f. By 

Proposition 16.11 and Theorem 15.11 we have 

□ 

Let {Wi, Hi) and (W2, 112) be two Riemann domains over two complex manifolds 
Ml and M2 respectively. Then clearly {Wi x W2, (111,112)) is a Riemann domain 
over Ml x M2. 

Theorem 6.3. //(Vl^i,ni) and (H^2jn2) are two Riemann domains over two com- 
plex manifolds Mi and M2 respectively, then 

miWi X W2,Mi X M2,iwi,W2)) = r]i{Wi,Mi,wi) x ryi(T4^2, M2, ^2). 

Proof. Let pi : Wi x W2 — > Wi and qt : Mi x M2 — >■ Mi be projection maps for 
i = 1,2. Then by Proposition 16.11 induced mappings pi^ from 771(1^1 x W2,Mi x 
M2, (wi, W2)) into 771 (Ty^,M^,Wi) given by piJ[(/i,/2)]) = [fi] are homomorphisms. 
Now define a mapping 

(j) : miWi X 1^2, Ml X M2, (wi, W2)) -> ?7i(Vl^i,Mi, wi) x 771(1^2, M2, W2) 

by taking = (pu,P2j, i.e. 

0([(/l,/2)]) - (pu([(/l,/2)]),P2*([(/l,/2)])) = ([/l],[/2]). 

Since pi^ and p2* are homomorphisms clearly </) is a homomorphism. 

To show that (j) is an isomorphism we construct its inverse. To do that define 
the mapping 

tp : 771 (1^1, Ml, wi) X 77i(W2,M2,7«2) mi^i x W2,Mi x M2, (twi, W2)) 

by taking 7/'(([/i], [/2])) = [(/i,/2)]- This mapping t/j is well defined since for any 
two continuous paths ft in 5i,.u,^ (D, H^i, Mi) and gt in 5i,u;2 (D, W2, M2), {ft,gt) is 
a continuous path in 5i W^i ^ W^2, Mi x M2). It is easy to see that cf) and 

ijj are inverses of each other. Hence (j) is an isomorphism. □ 
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We want to show that the holomorphic fundamental semigroup does not depend 
on the choice of base points. Let wq and wi be two points in W. Let a(t), 
t € [0,1], be a continuous curve in W with Q!(0) = and a{l) = wi. Let L 
be a compact set on the plane consisting of the interval / = [0, 1] and the closed 
disk D = {\C,~2\ < 1}. Given a mapping / £ Si^-^ (D, W, M) we define a mapping 
/ on L to be equal to a on / and to /(2 — () on dD. Clearly, / S So,wo {L, W, M). 

We take the access curve ^{t) = —it, < t < 1, to L at the origin. Clearly, 
if [/] — [5], then [/,7] = [5,7]- Hence we have a well-defined mapping from 
'qi{W,M,wi) into 'qi{W,M,wo). 

First of all, by Corollarv l3 . 5 1 anv curve connecting to wi which is homotopic to 
a will give us the same mapping Fa ■ Thus Fa depends only on the homotopic type 
{a} of a in ■ni{W, wq, wi). Secondly, we let a^^ to be the curve {a~^){t) — a(\ — t) 
for < i < 1 and denote by a/3 the curve on [0, 1] defined as a{2t) when < t < 1/2 
and as f3{2t — 1) when 1/2 < t < 1. Then ti{Fa{[f])) is equal to the homotopic 
type of afa~^ in tti{W,'Wo). Slightly abusing the notation we will denote also by 
Fa the homomorphism a/3a~^ mapping tti{W,wi) into tti{W,wo). And, thirdly, if 
9 e W, M) then the mapping Fg = Fa, where a{t) = ^(e^''**). 

Proposition 6.4. Let {wq,Wi,W2} C W, a be a curve which connects wq and 
wi, l3 be a curve which connects wi and W2, /i,/2 G ^i^i^ (D, VF, M) and f,g & 
Si.^,o{B,W,M). Then, 

(1) Fap=FaOFp. 

(2) F„-ioF„([/i]) = [/i]. 

(3) Fa([/l]*[/2])=F„([/i])*F„([/2]). 

(4) Fg{[f])*[g]^[g]^[f]. 

(5) FgM) = [g]. 

Proof. (1) Given / e Si^w^^J^^W, M) we consider the pair (£,/) as above for the 
curve a/3. By Corollary 13.51 we may dilate [0, 1] so that L consists of intervals 
Ii = [0, 1], I2 = [1, 2] and the closed disk D of radius 1 attached to 2 and = a 
and /I/2 = /3. By Lemma l3.9l we can replace L with a compact set L' which consists 
of Ji and a disk D' attached to 1 and replace / with g on L' so that [g, 7] = [/, 7] and 
{9\d': 1} = [/|/.uD,/i] = Fp{[f]). Now FaM) = Fa{FM)) by the definition of 

Fa. 

(2) follows from (1) because a~^a and aa~^ are homotopic to constant curves. 

(3) Consider a compact set K consisting of disks Ki ~ 1| < 1} and 
K2 — {|C+ 1| ^ 1} ^iid the interval / — [—i, 0]. We define a mapping / on Ki UK2 
as in the definition of the ★ operation and let f{—it) — a{t) when < i < 1. Let 
7 — [—2i, —i] be an access curve to K at —i. 

By Lemma 13.91 we can replace Ki U K2 with a closed disk D attached to the 
origin and /i and /2 with g e So wa{D,W,M) so that {g, 0} — [fi] * [/2]. Thus 

On the other hand let be the compact sets consisting of disks K\ = {|C — 1 — 
t\ < 1} and K^^ {\C+l + t\< 1}, intervals ![ = [t, -i + t], = [-t, -t - i] and 
the interval /* = [—t — i,—i + t]. We define a mapping /* on Ki as fl{l + i — C) 
and on K2 as /|(C + 1 - t). We let f*{t - si) = a{s) and f {-t - si) = a(s) 
when < s < 1 and let / = wq on /*. The path (if*,/*) is continuous when 
< t < 1 and by Corollary EIS] /.^(/*) = /^(/). Since K° = K and f = f we 
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see that I-yif^) — I-y{f)- Now we apply Proposition 14.11 where Ki :— K\ U ll, 
K2 Kl U II and a to see that /^(/) = * F„([/2]). 

(4) Consider a compact set K consisting of the disks = {\C,\ < 1} and 
— {\C, — 3| < 1} and the interval / = [1, 2]. We define a mapping h{C) on as 

5(0 and on D'^ as /(3 - C)- Let h{t) = g{e'^"<-^-^'^) on /. Let 7 = [-i + 1, 1] be an 
access curve to if at 1. Then [ft., 7] — Fg{[f]) -k [g]. 

Consider the continuous family of compact sets Kg, < s < 1/2, consisting of 
the disk , an interval Ig — [e^'^"', (2 — s)e^'^*'] and the closed disk D-^ attached 
to (2 — s)e^'^'". The mapping hg on Kg is defined as h on and as h{{s + \(\ — 1) 
when C G • The mapping hg on is defined as a composition of h on and a 
conformal mapping that maps Dg onto Z?'^ moving (2 — s)e^'^**. Simply speaking 
we rotate lUD"^ around leaving one end of attached normally to D^. Clearly, 
the pairs {Kg, hg) form a continuous path and [hg, 7] = Fg{[f]) ★ [g]. 

When s = 1/2 the set K1/2 consists of D^, I1/2 = [—1, —3/2] and the disk D^^^. 
Since all access curves to K1/2 at 1 are equivalent we replace 7 with 7' = [z + 1, 1]. 
Still [hi/2,y] = Fg{[f]) -k [g]. This is done to be sure that the access curve lies 
outside of the sets in the family Kg as it is required by Corollary 13.51 

Then we continue the process described above for 1/2 < s < 1. Finally, Ki will 
consists of Z?^ and = {\(^ — 2\ < 1}. The mapping hi is equal to g on Z?^ and to 
/(2 - C). Now it is clear that [hi,Y] ^ [g] ★ [/]. 

(5) We start with the compact set Ki consisting of the interval / — [0, 1] and 
the unit disk Z3i = {|C — 2|<1}. The mapping /i on Ki is defined as ^(e^'^'*) on 
/ and as g{2 — () on Di. If the access curve 7 = 0], then [/i, 7] — Fg{[g]). 

For < s < 1 we define compact sets Kg consisting of the intervals Ig = [0, s] 
and the disks Dg = {\( — (1 + s)\ < 1}. The mapping fg is defined as (7(e^'^**) on 
Ig and as g{e'^^^^{l + s — Q) on Dg. The pairs {Kg,fg) form a continuous path 
and [/s,7] = Fg{[g]). Since Kq consists of the disk {|C — 1| < 1} and the mapping 
/o(C) = 5(1 - C) we see that [A, 7] = [g]. □ 

As a consequence we have the following corollary. 

Corollary 6.5. Ifwo andwi are two points ofW then r]i(W, M,wo) is isomorphic 
to r]i{W,M, wi). 

7. Finitely connected domains 

The main goal of this section is to study rii{W,C,wo) when T4^ is a finitely 
connected domain in C, M = C and n(z) = z. First we consider the case when our 
domain W = W \ E, where W is a connected and simply connected domain and 
E = {wi, • • • , w„i} is a set of distinct points in W. Let wq GW he a base point. 

The fundamental group of 14^ is a free group on m generators. We will fix the 
set of generators by choosing simple continuous curves aj : [0, 1] — ?► W, 1 < j < m, 
such that aj connects wq with Wj, never meets E, when < i < 1, and these curves 
meet each other only at wq. If we take sufficiently small disjoint disks dj centered 
at Wj and a point Q S ddj, where aj meets ddj, then the union of these curves 
and disks dj with deleted centers is a homotopy retract of W. Therefore, the set of 
homotopy classes of equivalence of curves {Xj, 1 < j < m}, where is the curve 
which starts at wq, follows aj up to (j, then goes counterclockwise by ddj until Cj 
and then returns to wq by aj, will be the set of generators of 7ri(W, wq) which will 
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be denoted by {ei, . . . , Cm}- Clearly, the homotopy classes of Xj do not depend on 
the radii of the disks dj provided that they are sufficiently small. 

Let f3j be the curve defined as from wq to Q. For each j we consider the 
mapping fj of K = [0, 1] U {|C — 2| < 1} equal to /3j on [0, 1] and a conformal 
mapping onto dj on {|^ — 2| < 1} moving 1 to Q. We wiU define [gj] G rii{W,C,wo) 
as Iry{fj), where the access curve 7 = [— i, 0]. Then = Sj. 

If / G 5i,u,o(D, VF, C) then / takes values wi,...,Wm at finitely many points. 
The number of these points counted with multiplicity of / at these points will be 
called the index of /. If /, <? € Si^wo{^,W,C) and [/] = [g], then their indexes 
coincide. We will need the following lemma. 

Lemma 7.1. If f ^ iSi_^o(D, W, C) then [f] — [fi] ★ • • • Tkr [fk], where k is equal to 
the index of f , and the index of each of fj, 1 < j < k, is 1. 

Proof. Shift / slightly to ensure that any value Wi , . . . , Wm is taken with multiplicity 
1. Choose fc — 1 curves aj dividing D into Jordan domains containing exactly one 
preimage of the set {wi, . . . , Wm\ and apply Proposition 14.31 □ 

Now we want to describe the ft,- homotopy classes of mappings with index 1. 

Lemma 7.2. Let f G iSi (D, VF, C) has index 1 and f takes the value Wj. Then 
there is a loop A at Wq such that [f] = F\{[gj]) and ~ F\{ej). 

Proof. By the continuity of the homotopic type we may assume that / is defined on 
'^r = {\C,\ < , r > 1, maps into W and is of index 1 on D^. We take a small 
disk dj centered at Wj so that /^^ is defined on dj. Let d'j = f^^{dj), £,j = f^^{wj) 
and let Cj ~ f^^iCj)- We connect 1 and (j by a curve ^ in D \ d^. 

Let K be the union of [0, 1] and D ~ {\( — 2\ < 1} and the access curve j to K 
at is [— i,0]. We define <j> € ^(A', D^) as /i on [0, 1] and a conformal mapping of 
D onto d'j such that — Cj- 

We want to show that [/] = (/ o 0) . By Mergelyan Theorem we can approx- 
imate (j) by holomorphic mappings on neighborhoods of K as well as we want. So 
we can find a smooth Jordan domain 51 containing K and meeting 7 and a holo- 
morphic mapping G A{il,^r) such that ^pi^^) C KDr \ {£.j}, '0 takes the value £,j 
only once, ipiCn.-y) = 1 and {/o-0, Co, 7} = I-y[f ^'t')- Let e be a conformal mapping 
of D onto fl such that e(l) = (0,7- Then [■(/' o e] = {ipXn,^} in ?7i(©^ \ {f^}, C, 1). 

Considering a conformal mapping of onto itself which maps to we see 
that by Proposition 16. 1[ Corollary 16.51 and Theorem 15.11 the semigroup 771 (D^ \ 
{^j},C, 1) ~ No and the isomorphism is established by mapping / G 5i,i(D,Dr \ 
{^j }, C) into the index of /. Hence there is a continuous path 774 connecting i/'oe and 
the identity in iSi^i(D, \ {^jji C). Consequently, the path f or^t is also continuous 
and connects / o -0 o e and / in 5i_tu(,(D, W, C). Thus [/] = /^(/ o 0). 

Let hj G Si^c,- (ro, W, C) be the conformal mapping of D onto dj with hj{l) = Q . 
Let u ^ fo Then [g,] = Fp^(\hj]) while [/] = I^{f o 4,) = F,([ft,]). Hence 
[/] ~ F^{Fp-i {[gj])). The concatenation of curves v and /3~^ is a loop A at Wq. By 
Propositionklf^A(fe-]) = F,{Fp-^{[g,])) - [/]. 

The equality = F\{ej) is evident. □ 

Combining this lemma with Lemma 17.11 we obtain the following corollary. 
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Corollary 7.3. /// G iSi.^(,(D, W, C) has index k then there are loops fij, I < j < 
k, at Wo such that = Hj^i (e„J and [/] = Y{]=i {9n,)- 

The following lemma is rather crucial. 

Lemma 7.4. Let /q, /i G Si u,o(D, W, C) /laue mrfex i and ti([/o]) — Then 
[/o] = [/i]. 

Proof. Firstly we note that /o and /i take the same value Wj in W. Otherwise, 
'■i([/o]) 7^ By Lemma 17.21 there are loops fig and /xi at wq such that 

[/o] = Ff,„{[9j]) and [/i] = F^i([.gj])- Since ti([/o]) = we see that Ff,„{ej) = 

F^^{ej) or ej = F^-iF^^C^j)- If = A^rVo in the group 7ri(W^,Wo) then Cj = 
fj,ej^~^ or e^^ = /ie^. But the group ttiCW^wq) is free and, therefore, /i = e". 

Since the operator does not depend on the homotopy class of v we can write 
that F^{[g^]) = By Proposition [SlIS) 

fe] = - F^-.F^M) = F^-i([/o]) 

or[/o] = i^M,(N) = [/i]- □ 

A semigroup S has the left cancelation property (see [CP] ) if ab — ac implies 
b = c. Similarly S has the right cancelation property if ac = be implies a = b. A 
semigroup with both left and right cancelation properties is called a cancelative 
semigroup. We will show that rii{W, C, wq) is a cancelative semigroup. Cancelation 
property plays a crucial role in proving the injectivity of ii. First we need the 
following two lemmas. 

Lemma 7.5. Let ft e (D, M^, C), < t < 1, be a continuous path. Then for 
each £ > there is a continuous path gt in 5i_^o(D, W,C) such that |.9t(C)^./t(C)l < 
s for C G D, all roots Ckit) of the equations gt{C) ~ Wj , 1 < j < m, are simple, 
functions Ckit) are smooth and [ft] — [gt] for all <t < 1. 

Proof. There is e > such that the distance between /f(T) to dW is greater than 
£ for all t. By considering f{t,C) — /t(C) as a function from the unit interval to 
the Banach space ^(D, C) we can use the Weierstrass theorem to approximate it 
by polynomials of the form X]^=o where hj G v4(D,C). Then by approximat- 
ing each hj by holomorphic polynomials on a neighborhood of AQS>,C), we get a 
polynomial h{t,() = '^k=o'^k{t)C'' in t and C such that [f{t,C) ~ h{tX)\ < e/2 on 
[0, 1] X D. Moreover, we may assume that h{t, 1) — wq for all t. 
For each c = (cq, • ■ • , cat) G C^+i let 

m N 

^c(c)=n(Ec'=c'-t«,)- 

j = l fe=0 

Let Ci(c),-- - ,CmAf(c) be the roots of the polynomial Pc{C)- Since all elemen- 
tary symmetric polynomials of ('i(c),-- - ,CmA'(c) are holomorphic, the discrim- 
inant A(c) = ni<j (-^j(c) ~ •2^i(c))^ of PclC) is holomorphic on C^+^. The set 
D — {A — 0} is analytic of dimension TV in C^"*"^ and for all c G C^+^ \ D the 
roots of Pc{C) are distinct. 

Consider the hypersurfacc L = {{cq, ■ ■ ■ ,cn)[ X^^o'^fe ~ ^o}, where wq is the 
base point in W. Since A(c) 7^ for c = (0, wq, 0, • • • , 0) G i, -D fl L is an analytic 
subset of dimension TV — 1 in L. 
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The curve c(t) = {co{t), . . . ,cjv(i)) analytic and either intersects D at finite 
number of points or completely lies in the DHL. In the second case we can find 
a vector a with ||a|| < e/2, J2j'=o'^j ~ ^ ^^'^ ^(^(0) + a) ^ 0. So, by replacing 
c(t) by c{t) + a we can assume that c{t) intersects D at a finite number of points. 
Since the Hausdorff measure 'H2N-i{DC\L) — 0, for each intersection point z there 
is a neighborhood U oi z such that U \ D is connected. So, in a sufficiently small 
neighborhood of each intersection point we can smoothly modify the curve c{t) so 
thatitwilllieinL\Dandifg(t,0 = Pc{t){0 then \f{t,C)-g{tX)\ < e on [0,1] xB. 
Now C) = 5t(C) gives us a homotopy with simple roots Cfc(i) of the equations 
gt{C) = Wj , I < j < m. Since the roots are simple by the implicit function theorem 
the functions Ck{t) are smooth. 

Since the homotopy s/t(C) + (1 " s)3t(C)i < s < 1, connects ft and gt in 
Si.^uo (B, W, C) we see that [ft] = [.g*] for all < t < 1. □ 

The proof of the lemma below follows the same line of argument as that in the 
proof of Assertion 2 in the proof of [Sll Lemma 2.1]. 

Lemma 7.6. Let Ckit), I < k < n, are smooth mappings of [0,1] into D such 
that Ciit) 7^ Cj{t) when i ^ j and < t < 1. Then there is a C°° mapping 
<I> : D X [0, 1] — )> B such that $i(C) = ^(Ci^) a dijjeomorphism from D onto itself 
for each t, ^tiC) = C when |C| = 1 and $t(Cj(0)) = Cj{t) for j ^ 1, . . . , n. 

Proof. By Whitney extension theorem (see [Nj Theorem 1.5.6]) we can find a com- 
plex valued C°°-function F(t,C) on [0, 1] x C such that F{t,Qit)) = dQ{t)/dt for 
Q < t < \, j — 1, - ■ ■ ,n. Replacing F with the product F(j), where 4) \s a. C°°- 
fimction with = 1 on Uj^i{(t, Cj (i)) : < t < 1} and = for |C| > 1, we can 
make F{t, 0=0 for |C| > 1. Then by standard existence and uniqueness theorems 
for ordinary differential equations, the initial value problem dx/dt[t) — F(t,x{t))^ 
x{Q) = C,T Q < t < 1, has a unique solution x{tX)- Since F{tX) is smooth, this 
solution is smooth on [0,1] x C. 

Now define a mapping $ : C x [0, 1] — > C by — x{tX)- Then for each 

0<f<l,<l'fisa diffemorphism and since the related initial value problem has 
a unique solution we have $(0(0), = (j{t) for j = I,-- - ,n. Also note that 
$((, t) = ( for all < t < 1 when |C| > 1. So, the restriction of $ to D x [0, 1] has 
desired properties. □ 

Now we have all the necessary tools to prove the left and right cancelation 
properties. 

Proposition 7.7. Let f,gQ,gi G (D, VF, C). Then [f]*[go] = [/] * [.9i] implies 
[go] = [gi] and [go] ★ [/] = [gi] -k [/] implies [go] = [51]. 

Proof. By Corollary [73] it suffices to prove the left cancelation property only when 
the index of / is 1 and we assume that / takes value wi . Consider the compact set 
if C C from the definition the * operation which is the union oi Ki = {|C ^ 1| < 1} 
and K2 = {|C + 1| < 1} and let the access curve be ^{t) = —it, < t < 1. 
Pick up a smooth simply connected domain D symmetric with respect to the axes 
with K C D and intersecting 7 at = —ito and and $, e- approximations (13, ho) 
and {D,hi) with respect to 7 of {K,hf_g^) and {K,hf^g-^) respectively such that 
{^,Co} - [/] * [50] and {hiXo} = [f] * [gi]_- li ^ Dn{R.eC > 0} and 
D2 = Dn {ReC < 0} we may assume that {ft.o|Di,Co} = [/], {/Joba^Co} = [50], 
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{/iilciiCo} — [/] and {/ii|d2iCo} = [gi]- We also may assume that the roots of aU 
equation ho = Wj and hi — Wj are simple, none of them lies on [(^q, — Co]j the index 
of ho and hi on Di is 1 and /lo(Ci) = hi{C.i) — wi at some Ci ^ Di. 

Let ^E" be a conformal mapping of D onto D such that ^'(0) = 0, '5(1) = Co and 
^'(-1) = -Co- By the symmetry * maps [1, -1] onto [Co, -Co], ^'^ = Bn{ImC > 0} 
onto Di and = D n {ImC < 0} onto £12. We set /iq = /lo o * and hi ^ hi o 
By the definition of the homotopic type there is an /i-homotopy ht G Si,wg (D, W, C) 
connecting ho and hi. By Lemma 17.51 we may assume that that the roots Cfe(^), 
1 < fc < n, of all equation ht = Wj, 1 < j < m, are simple for all t G [0, 1] and the 
curves Cfc are smooth. Hence there is a mapping $ : D x [0, 1] — > D satisfying the 
conclusion of Lemma 17.61 

The curve at = $t([— 1,1]), connecting 1 and —1 in D, divides D into Jordan 
domains G} = $t(ID)+) and = $t(ID)"). Note that if C G a* then ht{C) ^ Wj 
for any 1 < j < m. Since $i is a smooth family of diffeomorphisms the families 
Gj and Gj are Rado continuous. Hence {Gl,ht\Qi) and {Gt,ht\Q2) are continuous 
paths in S*{C,W,C) and, therefore, {/it|pi,l} = [/] and {ht\G2,l} = [go] for aU 
tG[0,l]. 

We can slightly shift the curve ai so that the homotopic types will not change 
and the intersection of G\ with consists of finitely many domains flj bounded 
by parts of ai and [—1,1]. Analogously the intersection of Gf with D+ also consists 
of finitely many domains fi^ bounded by parts of ai and [—1,1]. Each of them is a 
Jordan domain being bounded by simple curves. The restriction of hi to D"*" is h- 
honiotopic to / and, therefore, contains exactly one preimage of the set E under the 
mapping hi, namely, of wi. By construction the domain G\ also contains exactly 
one preimage of the set E under the mapping hi and it can be only wi . Hence only 
at most one of the domains 11^ may contain a preimage of wj under the mapping 
hi and if this happens then exactly one of 0~ contains a preimage of Wj and vice 
versa. Moreover, this is a preimage of wi. 

If domains Q~ do not contain a preimage of wi under the mapping hi, then the 
restrictions of hi to domains flj and fl^ are homotopic to a constant mapping. 
Let G = Gf n D~ and let q be the restriction of hi to G. By Proposition 14.31 we 
can erase in Gf domains to get {hi\Q2, 1} = {q, 1} = [go]. Also in D we can 
erase n~ to get [gi] = {hi[n-,l} = {q, 1}. Hence [go] = [gi]. 

If, say, rii contains a preimage of wi under the mapping hi, then only one 
domain flj', say, f2^ also contains exactly one preimage of wi under the mapping 
hi. Let us denote by the compact set consisting of the path starting at 1 and 
following the boundary of G\ until it reaches ftf and the set Cl^ . Let p+ will be 
restriction of hi to L. By Proposition 14.31 [on] = {hi[Q2, 1} = /-y(p+)*{g, 1}, where 
7= [1,2]^ 

Let L be the compact set consisting of the path starting at 1 and following 
[1, —1] until it reaches and the set ili . Let p~ will be restriction of hi to L~ . By 
Proposition 14.31 [oi] = {/ii|d-,1} = I-y{p~) * {q,l}. Since ti([go]) = '■i([5i]) we see 
that (.i(/^(p+)) = Li{Ij{p^j). By Lemma [731 -^7 (p^ ) = I-y[p^) and, consequently, 
[ffo] = [51] • 

Similarly we can prove the right cancelation property. □ 
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We need the notion of a nested word in rii(W, C, wq). It is defined by induction. 
A nested word of level is the word of the form g^^ ★ • • • ★ g^" , where gji^^ ^ gji 
and all kj > 0. A nested word of level n is a word 

(1) FxABi)*---*Fx„{Bm), 

where the words Bi, . . . , Bm are nested words of level at most n — 1. By Corollary 
17.31 every word in ?7i(VF, C, wo) can be written as a nested word of level 1. 

Given a nested word g^^ ★ ■ • • * gj'^ of level its precise copy in t:i{W, wa) is the 
word e^^ ■ ■ ■ Cj^. Clearly, this word is reduced, i.e., no cancelations are possible. If 
a nested word is of level n and has the form as in ([1]) then its precise copy is 

XiBiXi ^ ■ ■ ■ A„_B„A„ ^, 

where the words i?i , . . . , Bm are precise copies of words Bi, . . . , Bm respectively. 
For nested words we can prove the following lemma. 

Lemma 7.8. Every word in C, wq) can be written as a nested word whose 

precise copy is reduced. 

Proof. To prove the lemma we will show that if a precise copy of a nested word 
admits cancelations then we can rewrite it as a nested word such that the length of 
the precise copy is decreased at least by 2. We will do it considering four possible 
cases. 

1) Suppose that a cancelation is possible at level 1, i.e., somewhere in the word 
we have Xg^^ ★ • • • ★ gj"X~^ and A = Then using in turn properties (1), (4) 
and (5) from Proposition 16.41 the latter word can be rewritten as 

and we see that the length of the precise copy decreases by 2. 

2) Suppose the cancelation is possible in operators Fa, i.e. A has adjacent gj 
and gj^ as factors. Then they can be canceled by Proposition l6.4l' 2) and again the 
length of the precise copy decreases by 2. 

3) Suppose the cancelation is possible between adjacent factors, i.e., somewhere 
in the word we have F\{Bi) *F^(i?2) and A = gjXi while fi = gj^i. Then by 
Proposition [6]4] (1) 

Fa (Si) * F^{B2) = F,^ (F,, {B,)) * F,^ (F^, (B^)) ^ F,^ (Fa, (Si) * F,, {B^)) 

and we see that the length of the precise copy decreases by 2. The case when 
A = gJ^Xi while ^ = gj^^i can be considered analogously. 

4) Suppose the cancelation occurs at adjacent levels, i.e., somewhere in the word 
we have F\{Ff^^{Bi) * • • • * F^^{Bn)) and A = Xigj while = g~^iii2. Then by 
Proposition 16.41 ( 1 ) 

Fa(F^,(Bi)*.--*F^„(B„)) 

- F^iFg. {FgT^F^i2 (Bi) ^ F^, {B2) * • • • * F^„ (i3„)) 
=F^^Fg^ (f^-^F^,, (Bi)) * Fa,F,^ (F^, {B^) * • • ■ * F^„ (B„)) 
=Fa, {F^,ABi)*Fg^ [F^AB2)^---*F^SBn))) 
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and again the length of the precise copy decreases by 2. The cases when A — ^i9j 
while /ii = gj^J.12 or cancelation occurs between A^^ and /i„ can be considered 
analogously. □ 

Now we can prove the following proposition. 

Proposition 7.9. If foji G S^,{D,WX) and /,i([/o]) = nUfi]), then [/o] = [/i]. 

Proof. We denote by l{[f]) the length of the reduced word and call it the 

length of /. The proof will be the induction by l{[f]). If l{[fo]) = 1 then l{[fi]) = 1 
and this means that /o and /i have index 1. By Lemma [7^ [fo] — [fi]. 

Now suppose that we proved the theorem for the length less or equal to /c — 1 
and let ?([/o]) = — ^- Suppose also that the reduced word for ti([/o]) 

contains ej^ for some 1 < j < m, i.e. ti([/o]) = XeJ^fi. Consider [ho] = Fx-i{[fo]) 
and [hi] ^ Fx-i{[fi]). Then ii([/io]) Lii[hi]) = eJ^^X. Hence l{[ho]) < k and 
K[9j] * [^o]) < fc — 1. By the induction assumption [gj] ★ [ho] = [gj] -k [hi] and by 
the left cancelation property from Proposition 17.71 [ho] = [hi]. Thus [fo] — [fi]. 

If ii([/o]) does not contain gj^ for any 1 < j < m, i.e., ti([/o]) e*^^ • ■ -e*^'', 
where ej,^i ^ Cj, and all kj > 0. Then by Lemma l7.8l we can rewrite [fo] as a nested 
word whose precise copy is reduced and is equal to ti{[/o])- Then all operators Fx 
in this word are identities and we see that [fo] = g^^ g^^ . The same is true 

for [fi] and the proposition is proved. □ 

Now we can describe the semigroup rii(W,<C,wo) when T4^ is a general finitely 
connected domain. Let W = W \ Hi U ■ ■ ■ U H„i, where W is a connected and 
simply connected domain and Hi, . . . ,Hm are disjoint connected compact sets in 
W'. We will fix the set of generators in Tri{W,wo) by choosing points wj E dHj 
and simple continuous curves aj : [0, 1] — > W, 1 < j < m, such that aj connects 
Wo with Wj , never meets H = Hi U • ■ • U Hm when < t < 1 and these curves meet 
each other only at wo. We take smooth disjoint Jordan curves Cj C W, whose 
interiors contain only Hj, and the points Q, where 5j meets Cj last time. Let Xj 
be a curve which starts at wq, follows ctj up to Q, then goes counterclockwise by 
Cj until Q and then returns to wo by aj. Then the set of homotopy equivalence 
classes of curves {Aj, 1 < j < m} will be the set of generators in ni{W,wo) which 
will be denoted by {ei, . . . , e^}- Clearly, the homotopy classes of Xj do not depend 
on the choice of Cj provided they are chosen sufficiently close to Hj . 

For each j we consider the mapping fj oi K = [0, 1] U {|C — 2| < 1} defined 
as ctj from wq to (j on [0, 1] and a conformal mapping of{|C — 2|<1} onto the 
bounded domain Cj which has Cj as its boundary such that fj{l) = Cj- We will 
define [gj] G ?7i(VF,C,wo) as I^{fj), where the access curve 7 — [—i,0]. Then 
ii([5j]) = ej- _ 

Let tp he a, homeomorphism of W onto W — W \ {wi, . . . ,Wm}- We assume 
that -0 is a continuous mapping of W' onto itself collapsing each Hj to Wj. Let 
aj =-00 ctj and let {ej} and 1 < J < ti, be the generators of iti{W, wo) and 

r]i{W,C,wo) respectively defined at the beginning of this section for W using the 
curves aj. Then it is easy to see that the isomorphism 0* between 7ri(Vl^,K;o) and 
TTi(W, wq) generated by ip sends Cj to Cj. 
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Theorem 7.10. IfW is a finitely connected domain in C, wq £ W, then the map- 
ping li : r]i{W ,C,Wo) — )■ 7ri(VF, wo) is an imbedding and the semigroup rjilW ,C,Wq) 
is isomorphic to the minimal subsemigroup of'iTi{W, wq) containing {ej, 1 < j < m} 
and invariant with respect to the inner automorphisms. 

Proof. U /o,/i G Si,^,{D,W,C) then /„, /i £ (D, W^, C) and if [/o] = [/i] 

in r7i(W,C,'u;o) then [/o] = [/i] in f]i{W,C,wo). Hence we have a mapping A : 

Let us show that A is injective. Suppose that [/q] = [fi] in r]i{W,C,WQ), i.e., 
there is an /i-homotopy /t G (D, H^, C), < i < 1, connecting /o and /i. 

There are some closed disjoint disks dj centered B,t Wj, 1 < j < m, such that 
ft e (D, Ty, C), < i < 1, where = W^' \ di U • • • U d^. We choose them so 
small that dj C Cj and there is a conformal mapping of Cj \ dj onto an annulus 
A={r<|C|<l}. 

We may assume that the curves Cj has been chosen so that the mappings /o, /i G 
5i,^o(D, [/, C), where [/ = VF' \ C and C is the closure of CI U ■ ■ ■ U C'^. We 
denote by Bjs the preimages of the circles {|(^| = s} under the mapping qj. Let 
Us = W \ Big U • • • U -Bms- There are numbers r < sq < si < 1 such that for all 
t G [0,1] the mappings ft map T into Ugg and C W. 

Let s(t) be the maximal number of those s for which /( maps T into Us and 
ft{T) meets W^' \ Us,. If /t(T) does not meet W \ Us, we set sit) = si. We define 
a homeomorphism Qt of W' onto itself in the following way. If z G ?7 or z G dj or 
s{t) = si then (3t(2:) = z. If s(i) < Si and z G C* \ d ^ then Qtiz) = qj^{pt{qj{z))), 
where pt(xe*") — at{x)e^" and at is an increasing function made from two linear 
functions so that at{r) — r, at{s{t)) — si and a(l) = 1. Since s{t) > sq > r this 
definition is correct. 

A simple geometric argument shows that Qt is quasiconformal (see [AIM] ) and 
there is fc < 1 such that its Beltrami coefficient 

2 ti.t{z) = -j—{z)—{z) 

oz az 

is less than fc by the absolute value for all t G [0, 1]. Moreover, Qt{z) is continuous 
in t and if t ^ <o then /zt ^to almost everywhere in W' . 
Let ht = Qt o ft. Then 



dht,.., 9Qt, ,..dft.. . dht ^Qt , ...dft 
^(C) = ^(/*(C))^(C) and ^(C) = ^(/*(C))^(C). 



By @ we get 



^(0 - MMof-^iftiofJ^iO - A^*(/*(C))|f||^(C). 

So, ht is a continuous family of quasiregular mappings of D into W' with Beltrami 
coefficients vtiC) = /^t(/t(C)) (/'j^ ■ Moreover, ht{T) C Us, and if t ^ to then 
vt /Xto almost everywhere in W. 

By [AIMl Theorem 9.0.3] there is a homeomorphism tpt of D onto itself satisfying 
the equation 

dipt _ ^ dipt 
dfj drj 
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and such that V't(O) = and ipt{^) = 1- If (pt = i^t ^ then by formula (2.51) in 
[HM] 



Hence 



and this means that the mappings ht o (pi are holomorphic and by the lemma below 
the path ht o (pf is continuous in 5i.u,o(D, W,C). 

Note that Qq and Qi are identities. Hence fj,Q = iii = vq = vi = 0. Hence ipo, 
ipi , 00 and 01 are identities and since by the definition /iq o 0q — Qq o /q o we see 
that ho = ho o (po = fo. By the same reason hi = hi o pi = fi. Hence [/o] = [fi] in 
rii{W ,C,wq) and we see that A is injective. Clearly, A{[gj]) — [gj], where [gj] were 
defined at the beginning of this section and, therefore, A is an isomorphism. 

If /o,/i G 5i,„„(D,M?,C) and ii([/o]) = nUfi]) in 7ri(W?,u;o), then ii{[fo]) = 
ti([/i]) in Tri{W,wa). By Proposition 17.91 [fn] = [/i] in rii{W,C,wa) and by the 
previous result [/o] — [fi] in rji{W ,C,wo)- Hence the mapping /,i : r]i{W ,C,wo) 
Tri{W, Wo) is an isomorphism of ?7i(VF, C, wq) onto a subsemigroup G C 7ri(VF, wo). 

If /I is a loop in W starting at wq and [/] G ?]i{W ,C,wo), then ^)t([/]) S 
771(14/^, C, Wo) and since — "'^ see that G is invariant with re- 

spect to the inner automorphisms. On the other hand, given / G Si,wg{I^, W, C) by 
Corollary 17.31 A( [ f ] ) — 11^=1 ^Aj ([5j])- Since we can find loops fij S W homotopic 
to Xj in W we can write A([/]) = Jl.ti F^^{[g,]). But then [/] = rijti ^^m. (ISj]) and 

we see that G is the minimal subsemigroup of 7ri(VF, wo) containing {ej, 1 < j < m} 
and invariant with respect to the inner automorphisms.. □ 

Lemma 7.11. Suppose we have a sequence of Beltrami coefficients {fin} such that 
Mn| < fc < 1 for all n and almost every z G B and the pointwise limit fi{z) = 
lim„_>.oo Mn(^) exists almost everywhere in D. Let 0" be the normalized (4'"'{0) = 
and 0"(1) = solution to 0" = iJ,"{z)4)^ which is a homeomorphism o/D. Then 
the limit 4>{z) = lim„_).oo p^^iz) exists, the convergence is uniform on D and <j) solves 
the Beltrami equation <j)z — li{z)4>z- 

Proof. Each 0" : D — s> D extends to a i^-quasiconformal homeomorphis of C onto 
C defined by $"(z) = 0"(z) when \z\ < 1 and $"(z) = l/0"(l/z) when \z\ > 1. 
Note that <i>" = /i„(z)<f>", where /i„(z) = Uniz) when |z| < 1 and 



~ / X Z^flnil/z) 

l^n{z) = =2 

Z^ 

when 1^1 > 1. Thus ^ H almost everywhere in C. 

By (AIMl Lemma 5.3.5] the limit $(2:) = lim„^oo ^^{z) exists, the convergence 
is uniform on compact sets in C and $ solve the equation $2 = pt(z)$2. By |AIM[ 
Theorem 3.9.4] $ is a non-constant if-quasiconformal homeomorphism of C onto 
itself. Since $(D) — D the lemma is proved. □ 

Finally, we will prove the Oka principle for iSi,u,(,(D, VF, C) when is a domain 
in C. 
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Theorem 7.12. Let Vt^ C C fee a domain. Then the mapping li is an imbedding 
and the semigroup 7/i(py,C, Wq) is cancelative. 

Proof. Suppose that /q, /i G iSi,^g(D, W, C) and ii([/o]) = hence there is a 

continuous mapping F : [0,l]xT ^ W such that F{t, 1) = Wq, F{0, (^) = /o(C) and 
F{1, () = /i(C)- There is <5 > such that the distance in the spherical metric from 
F{t, to L ^ CP^\M^ is always greater than 5. If K is the closed (5/2-neighborhood 
of L the CP^ \K is the union of bounded finitely connected subdomains in W. Let 
us denote by W one of them which contains P([0,1] x T). By Theorem 17.101 
[/o] = [/i] in 5i^„„(D,P^',C). Hence [/o] = [/i] in 5i,^„(D, W^, C) and we see that 
ti is an imbedding. 

If [/] * [50] = [/] * [51] then 

^i([/] * [30]) - aim * [gi]) = • ^i([go]) = ■ ^i([5i]) 
and we see that (.i([3o]) = By the argument above [go] — [gi]. □ 
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